Introduction
The potential of the vibro-replacement stone column technique to increase bearing capacity, reduce settlement, accelerate consolidation and reduce liquefaction potential is widely recognised in geotechnical practice. The majority of the published analytical formulations relate to the settlement performance of stone columns. Settlement design methods usually involve the direct calculation of a settlement improvement factor, n = δ untreated /δ treated (where δ untreated and δ treated are the settlements of the untreated ground and the ground treated with stone columns respectively) before using this factor to predict settlements of treated ground according to δ treated = δ untreated /n. Given the increasing application of stone columns to soft cohesive soils, McCabe et al. [1] compiled a database of n values derived from measurements for both wide-area loading (e.g. embankments) and small-area loading (e.g. footings) on these soils. The database confirmed that n values tend to vary with the proportion of ground replaced with granular material in a similar fashion to that predicted by Priebe's [2] basic settlement improvement factor. The operational friction angle of constructed stone columns (φ' c ), as backfigured from Priebe's [2] method, showed a strong dependence on the construction method, with values of φ' c well in excess of 40 o justifiable for the technicallysuperior bottom-feed system.
Given that creep can be significant if not dominant in normally consolidated or lightly overconsolidated cohesive or organic soils (e.g. [3] [4] ), it is highly relevant that the measured n values in the database compiled by [1] tend to be 'lumped' values, with no distinction between initial compression (which admittedly, tends to be low in soft soils), primary consolidation and creep settlements. The monitoring duration required to capture creep settlements reliably in the field is an obvious obstacle in this regard.
While considerable laboratory-scale testing has also been carried out to investigate stone column behaviour (e.g. [5] [6] [7] ), it tends to be limited by scale effects and a difficulty in replicating realistic boundary conditions. Furthermore, the creep potential of reconstituted soil tends to be significantly less than that of an undisturbed soil sample in the field. The majority of the existing analytical settlement design methods pertain to primary settlement only or are non-specific, and in the absence of further guidance, designers sometimes apply the same n value to creep settlements as they have estimated for primary settlements.
Heretofore, numerical studies with the primary goal of understanding stone column behaviour have tended to use either the Mohr Coulomb (MC) or Hardening Soil (HS) models (e.g. [8] [9] ), neither of which account for creep deformation. In this paper, PLAXIS 2D analyses of a unit cell ( 
It should be noted that the terms 'creep' and 'secondary settlement' are sometimes used interchangeably in the literature. However in this paper, the term 'creep' is used to denote any compression under constant effective stress, whereas the term 'secondary settlement' is preferred for those 'creep' settlements occurring once primary consolidation has ceased, e.g.
[10].
Review of Analytical Design Methods
Numerous analytical approaches exist for predicting the settlement improvement offered by granular columns in weak or marginal soil deposits. The majority are derived for a unit cell representing an infinite column grid, with Van Impe and De Beer's [11] plane-strain method a notable exception. These approaches tend to be either elastic (i.e. yielding of the column material is not considered) or elastic-plastic. 5 As highlighted by [12] and [13] , elastic methods tend to over-predict the settlement improvement, especially for high modular ratios. They also tend to assume that the stress concentration factor (SCF, i.e. the ratio between the stress in the column and that in the soil, σ c /σ s ) is equal to the modular ratio, whereas in reality, the SCF tends to be much lower. It has been suggested by Barksdale and Bachus [14] that commonly encountered SCFs in practice range from 3-10 for reciprocal area-replacement ratios, A/A c , between 5 and 10.
Elastic-plastic approaches, in which the soil is assumed to remain in an elastic state while the granular material undergoes plastic deformation, are preferable. The elastic-plastic methods are based on the Mohr-Coulomb failure criterion. In Priebe's [2] method, cylindrical cavity expansion (CCE) theory is used to work out the aforementioned basic improvement factor, n 0 , assuming that bulging is constant over the length of the column, the column material is incompressible, and the bulk densities of the soil and column can be neglected. Empirical correction factors can be added to account for the column compressibility (n 1 ) and the bulk densities of the soil and column materials (n 2 ). Priebe's [2] n 0 is calculated assuming that the densification effect as a result of column installation results in an increased coefficient of lateral earth pressure (K) equal to the liquid earth pressure of the soil (i.e. K = 1). Priebe's [2] n 2 allows for the input of different K values by modifying a depth factor, f d , used in the calculation of n 2 .
The methods derived by Castro and Sagaseta [15] and Pulko et al. [16] are elastic-plastic extensions of the earlier elastic solution developed by Balaam and Booker [17] . The former [15] have considered an undrained loading situation followed by a consolidation process to allow for the dissipation of excess pore pressures whereas the latter [16] have studied the unit cell problem under drained conditions. Both approaches are considered to be limiting cases of the real situation because load application is neither instantaneous nor slow enough to be considered as a drained process, e.g. [18] . Unlike Priebe's [2] method, in which constant volume deformation under load (ψ = 0 o ) is assumed, the methods derived by [15] and [16] account for dilation of the granular column material (constant dilatancy angle, ψ) at yield based on Rowe stress-dilatancy theory.
The improvement factors for primary settlement calculated in this finite element study have been compared to those predicted by these analytical methods to give confidence in the modelling output. Degago et al. [19] have noted that time-dependent settlements of thick soft clay layers in the field tend to be analysed based on the behaviour of thin laboratory soil samples, despite the significantly longer primary consolidation times associated with the thicker field layers. Ladd et al. [20] were the first to raise the issue of whether creep acts as a separate phenomenon in parallel with primary consolidation. layers. Isotache models (Hypothesis B) are based on the principle that the prevailing creep rate at any time is defined by the current state of the soil only, namely the current void ratio and effective stress, e.g. [19] .
Degago et al. [19] have thoroughly reviewed and evaluated a selection of previously published laboratory and field experiments that were specifically conducted with the aim of examining the effect of layer thickness on the time-dependent compressibility of soft soil layers, e.g. [22, [25] [26] [27] . Based on their review, the authors concluded that the time-dependent behaviour of clay is best described by Creep Hypothesis B. Experimental observations that were previously used to support Hypothesis A have been explained consistently using a model based on the isotache concept (SSC model) while it has been highlighted that other results used to support Hypothesis A have been presented in a misleading fashion.
The Soft Soil Creep (SSC) Model
In this numerical study, the SSC model (as commercially available with PLAXIS software) 
A time step or interval should be defined for the SSC model, otherwise the yield cap (which is responsible for plastic deformations) will not be able to move and as a result the model will predict an unrealistically stiff soil response. Model parameters can be defined in terms of the isotropic material parameters, κ*, λ*, and μ* or using conventional one-dimensional parameters C s , C c and C α , denoting the swelling, compression, and creep indices respectively, related as shown in Eq. (3), where e 0 is the initial void ratio. to conventional overstress models in which only elastic strains occur inside the static yield surface). However, the aforementioned models require implementation into the PLAXIS finite element code as user-defined models and as such, the commercially available SSC model was used here instead as the emphasis of this study is on the likely behaviour of stone columns in creep-prone soils. A study such as this forms an important frame of reference for studies using more advanced constitutive models.
The Hardening Soil (HS) and Soft Soil (SS) Models
In addition to the SSC model, the HS and SS models have also been used in this study.
The Hardening Soil (HS) Model
The HS model is a hyperbolic elastoplastic model, also available in PLAXIS 2D, which models the dependence of stiffness moduli on stress level but does not account for viscous effects such as creep and stress relaxation. The model is based on the Mohr-Coulomb failure criterion and its yield surface can expand due to plastic strains. The model accommodates both shear hardening and compression hardening. The formulation of the model has been described in detail by Schanz et al. [43] . 
The Soft Soil (SS) Model
As is the case with the SSC model, the yield surface of the SS model is based on the MCC model. The total strain is composed of an elastic component, ε 
Constitutive Model Yield Surfaces
For the SS and SSC models, the parameter M (determining the height of the ellipse, i.e. the yield surface) should be chosen to match a known value of K 0 nc in one-dimensional compression. In contrast, the yield surface of the HS model (which incorporates a more complex and realistic hardening mechanism) is shaped differently in order to model a more realistic K 0 nc (K 0 value for normal consolidation) value in one-dimensional compression.
Brinkgreve et al. [28] have suggested that the modelling capabilities of the SS model are superseded by the HS model and therefore additional analyses performed using the HS model to evaluate 'primary' settlement improvement factors are valuable.
'Combined', 'Primary' and 'Creep' Settlement Improvement Factors
In this paper, three complete sets of unit cell analyses have been carried out -one set with the clay modelled using the SSC model and two sets with the clay modelled using the inviscid SS and HS models. These analyses have been performed with a view to developing 'combined' settlement improvement factors (incorporating both primary and creep settlements), and separate 'primary' and 'creep' settlement improvement factors. The symbol δ is used for settlements, with COMBINED or EOP denoted in the subscript, as well as the model used (HS, SS or SSC) and whether the settlements relate to treated or untreated ground:
The SSC model can be used on its own to work out 'combined' settlement improvement factors (n COMBINED , i.e. primary plus creep, see Eq. (6)) and to establish how this improvement factor varies with time.
Analyses using the SS model (using equivalent soil parameters to those inputted for the SSC model) allow for a direct estimate of 'primary' settlement improvement factors, see Eq. (7).
A comparison of the settlement improvement factors predicted by the SSC (n COMBINED ) and SS (n PRIMARY(SS) ) models has been used to establish the influence of creep on settlement improvement factors; this comparison is justified because the models have a common constitutive yield surface. Because the SSC model predicts creep occurring concurrently with primary consolidation, it is not appropriate to use the SSC model on its own to deduce the primary settlement component, using Casagrande's log -time method for example. Pore pressure dissipation within a soil layer is not homogeneous and the time to reach EOP is a function of distance to a drainage boundary.
The SSC model can also be used to calculate 'creep' settlement improvement factors (n CREEP , see Eq. (8)) using the slopes of the settlement-log time plots to deduce μ* after the complete dissipation of excess pore pressures. The relationship between μ* and the slope of this straight line creep portion is given in Figure 3 . Essentially, this 'creep' settlement improvement factor is only applicable after EOP, i.e. for pure creep.
In addition to the 'primary' settlement improvement factors deduced using the SS model as described in (ii), the HS model (using equivalent soil parameters to those inputted for the SSC and SS models) has also been deployed for this purpose (see Eq.
(9)), providing a basis of comparison with both the SS model and existing analytical settlement design methods, e.g. [2, [15] [16] [17] .
Axisymmetric Finite Element Model
The PLAXIS 2D finite element program has been used to carry out axisymmetric analyses of a unit cell (representing infinite column grids), in the same vein as the work of Debats et al.
[44], Ambily and Gandhi [45] and others. A column diameter of D c = 0.6m (column radius, R c = 0.3m) was adopted as typical of columns in soft cohesive soil deposits constructed with a standard 430mm diameter poker, e.g. [46] [47] . The initial study has been carried out for a unit cell 5m long (Fig. 4a) , with further verifications performed for unit cells measuring 10m and 15m in length (Fig. 4b ).
Soil Parameters
The unit cells comprise a simplified single layer profile largely based upon the heavilyresearched Bothkennar Carse clay test site in Scotland; the stiff crust has been omitted in this study in the interests of clarity. The clay properties presented in Table 1 are based upon Nash et al. [48] with the default value of E s shown in the table altered to provide a modular ratio, E c /E s (defined in terms of constrained or oedometric moduli) of 20.
The stone backfill parameters selected have been based primarily on McCabe et al. [1] and Killeen and McCabe [9] , and are documented in Table 1 , where φ' is the friction angle, ψ is the dilatancy angle, and k x and k y are the horizontal and vertical permeabilities respectively.
Analysis Stages
Boundary conditions applied to the unit cell models represent oedometric conditions; the vertical boundaries are restricted laterally (i.e. roller boundaries) while the base is fixed in all directions. The water table is located at the surface of the soil layer. The columns have been wished-in-place in this study (as used in previous studies by Killeen and McCabe [9] and Gäb et al. [49] ) and are modelled as end-bearing on a hard stratum. Initial stress generation has been carried out using the K 0 procedure; the K 0 procedure can be used in situations in which the top surface in the soil model is horizontal and all remaining soil layers, including the water table, are parallel to the surface, e.g. [50] .
A plastic nil-step with a small time interval has been applied after column installation to restore any out-of-equilibrium stresses generated by the wished-in-place installation. The nilstep procedure has been described by [50] and involves a 'zero time interval' calculation phase in which no additional load is applied, after which all stresses will obey the failure criterion. The application of a 'nil-step' in conjunction with the SSC model is slightly different to its application in conjunction with other soil models, e.g. the MC, HS or SS models. As already shown in Eq. (2), the total strain in the SSC model is composed of an elastic component and a creep component. Plastic strains are assumed to be time-dependent (i.e. incorporated in the creep strain component). Therefore plastic nil-steps applied in conjunction with the SSC model need to have a time-interval, otherwise the yield cap will not be able to move and out-of-balance plastic strains will not be accurately restored. The influence of the duration of the nil-step on the final results has been investigated (typical results are shown in Figure 5 ) and it has been verified that the nil-step duration (i.e. a relatively short time interval so as to ensure little or no creep settlements) does not impact upon the final settlement. Based on these analyses, a nil step duration of 1x10 -3 days was selected for subsequent analyses with the SSC model (a zero time-interval nil-step was used for the analyses carried out using the SS and HS models).
In the next phase, a plate element was placed over the surface of the unit cell, after which a 100kPa load (e.g. [13, 15] ) was applied in undrained conditions. The plate properties are arbitrary -its purpose is merely to provide a sufficiently stiff (axial stiffness, EA = 5x10 6 kN/m, flexural rigidity, EI = 8.5x10 3 kNm 2 /m, ν = 0) loading platform and to prevent any substantial differential settlements between the surfaces of the column and that of the soil, e.g. [18] . After the application of the 100kPa load, a follow-up consolidation phase was allowed to let the pore pressures dissipate in full, marking the end of primary consolidation, and after which pure creep behaviour is observed for the SSC model. Settlements cease completely at this point for the SS and HS models, i.e. there are no viscous effects.
Parameter Variation
The analyses have been carried out for a range of commonly encountered reciprocal area- It should be noted that because the soil models used are not linear elastic, the soil stiffness depends on depth, stress level and over-consolidation ratio, so therefore the values of the modular ratio quoted above are only an estimate of what is actually modelled (the values of E c /E s would only be exact for a normally consolidated soil for which the reference pressures in the soil and column materials were equal). The clay has been modelled as an undrained material, while the stone (HS model) has been modelled as a highly permeable drained material.
PLAXIS Soil Tests
The PLAXIS 'Soil Test' facility has been used to compare the undrained behaviour of the soft clay using the three different soil models. Isotropically consolidated undrained (ICU) triaxial compression tests have been simulated for the properties documented in Table 1 with results shown in Figure 6a . The SS and SSC models stiffness responses are similar, while the HS model predicts a softer stiffness response. Similar deviator stresses at failure are predicted for all three models. However, the response of the SSC model is strain rate dependent; a higher strain rate leads to a higher deviator stress and thus a higher shear strength. The corresponding stress paths in p'-q space are compared in Figure 6b . In this case, the inviscid model stress paths are almost coincident while the SSC model stress paths show strain rate dependence; higher strain rates result in less of a reduction to the mean effective stress which in turn contributes to a larger deviator stress at failure.
An incrementally-loaded oedometer test with a load-step duration of 1 day has also been simulated using the 'Soil Test' facility in order to compare the behaviour of the models in one-dimensional compression (similar to the unit cell scenario modelled in this paper). In this case (Figure 6c ), it appears that the models are in better agreement. As expected the SSC model predicts a larger preconsolidation pressure than either of the inviscid models (although the differences are minor); this is due to the influence of creep, i.e. Bjerrum [30] . In the normally consolidated range, the differences between the predicted C c or λ* values in all cases do not exceed 10%.
Extensive laboratory testing has been carried out on the Bothkennar Carse clay by a number of different universities in the UK (e.g. Bristol, Surrey, Imperial College) and by Laval University in Canada. In this paper, the soil stiffness for the simplified single layer profile has been altered to achieve a desired modular ratio (E c /E s ), and as such the simulated soil response is not directly comparable with the test results reported by Atkinson et al. [53] , Hight et al. [54] and Smith et al. [55] . Only a qualitative comparison of the clay's response in triaxial compression can be made. The soil stiffnesses modelled are higher than that of the lower Carse clay at Bothkennar and the response in triaxial compression is thus stiffer.
Notwithstanding this, the SS and SSC models appear most suitable for modelling the pattern of stiffness behaviour, while the softer soil response predicted by the HS model appears out of kilter with the reported test data. In addition, the SSC model appears most suitable for modelling the post-peak softening behaviour reported by [53] [54] [55] .
Comparisons between primary settlements predicted using the HS and SS models must be considered in the light of the inherent differences between these models.
Results

End of primary (EOP) consolidation
Settlement -log time plots for the untreated soil (i.e. 
Variation of n with time
The variation of n with time for the 5m unit cell is plotted in Upon instantaneous loading of the unit cell, the excess pore water pressures in the soil (undrained) carry the entire applied load so that the stress on the column starts from zero. As consolidation proceeds, the stresses are gradually transferred from the soil to the freedraining column material. At any early stage (up to ~10 days), the differences in n values for all three soil models are relatively minor. The apparently unfavourable values of n ≤ 1 (for all E c /E s and A/A c values considered) reflect the fact that the treated settlements are occurring more rapidly than the untreated settlements, and as such, a true appraisal of the column efficacy can only be made once full pore pressure dissipation is satisfied in both cases.
The n values increase until EOP for the untreated case is reached, at which point a constant n ('steady-state') is reached. It is apparent from Figure 9 that the 'steady-state' (n COMBINED ) values calculated using the SSC (primary plus creep) and SS (primary only) models are very similar to one another yet consistently lower than those calculated using the HS (primary Careful examination of Figure 9 shows that the n COMBINED values calculated using the SSC model reduce slightly at large times beyond EOP. The relative contributions of primary and creep settlements to n COMBINED are discussed in the next section.
Comparison of 'primary' and 'creep' n values with analytical solutions
The three soil models have been used to derive 'combined', 'primary' and 'creep' settlement improvement factors for all modular ratios. The results are presented in Figures 10-12 (for the 5m, 10m and 15m unit cells respectively). For the purposes of clarity, the n COMBINED values calculated using the SSC model have not been plotted here (because as is evident in Figure 9 , the 'steady-state' n values calculated using the SSC and SS models are similar). The n CREEP values plotted in Figures 10-12 are those derived using the method described in Section 3.3
(iii), see Eq. (8) . Settlement improvement factors predicted using the aforementioned analytical settlement design methods [2, [15] [16] [17] are also included in Figures 10-12 .  For all unit cell lengths, n PRIMARY(SS) and n PRIMARY(HS) are in relatively good agreement with the majority of the analytical methods and especially the recent Castro and Sagaseta [15] and Pulko et al. [16] approaches. This gives general confidence in the FE modelling procedure.
Primary n values
 For the lower modular ratios, it appears that the n PRIMARY(SS) values are in better agreement
with the analytical elastic-plastic methods [15] [16] while for the higher modular ratios, the n PRIMARY(HS) predictions appear to be superior. The methods developed by Castro and Sagaseta [15] and Pulko et al. [16]  There are a number of possible reasons for the differences between the predicted primary settlement improvement factors using the PLAXIS soil models and those predicted by the elastic-plastic methods [2, [15] [16] . In some cases, this could be due to the assumption of a significant bulging mechanism which is most prevalent in softer soils (e.g. Priebe [2] ) whereas in other cases the differences are more likely due to the variability of soil stiffness with stress level (which is considered in the FE calculations but not in the analytical solutions). to have a greater influence in reducing the n COMBINED value for soils with lower (λ*-κ*)/μ* ratios.
Creep n values
Influence of E c /E s on 'primary' and 'creep' n values
The influence of the modular ratio on both n PRIMARY and n CREEP is clearly evident in Figures   13-15 for the 5m, 10m and 15m unit cells. It is clear that the modular ratio has a significant influence on n PRIMARY , regardless of the column spacing (i.e. A/A c ) or the column length (Figs.
13a-c and Figs. 14a-c) . This is the premise on which some of the more popular analytical settlement design methods (especially elastic methods) are based, i.e. as the modular ratio increases, there is a corresponding increase in the settlement improvement factor, e.g. Balaam and Booker [17] , Borges et al. [58] . However, n PRIMARY values appear to be converging somewhat as the modular ratio increases, i.e. the influence of the modular ratio is becoming less dominant. This is more evident for the 5m unit cells (for which more of the granular column material has yielded) than it is for the 15m unit cell (for which there is some absence of yielding at depth).
It is interesting to note the influence of the modular ratio on n CREEP (Figs. 15a-c) . As the modular ratio increases, the 'creep' settlement improvement factor remains the same, with only slight differences evident for the longer columns (15m unit cells). The reason for the slight differences for the longer columns at closer spacings is due to the absence of yielding at depth. The presence/absence of yielding has been confirmed in the PLAXIS output for the SSC model by looking at plots of 'plastic points' (Figs. 16-18 ). The 'plastic points' option in the PLAXIS output shows the stress points that are in a plastic state, e.g. stresses lying on the Mohr-Coulomb failure surface (red points) or on the shear hardening envelope (green points).
A plastic point is indicated in the PLAXIS output only when the stress state is exactly on the relevant yield/hardening surface. In some cases, when the stress state is reversed by a small amount, the plastic point is no longer shown. However, the stress point is still effectively in a plastic state. Therefore the lower 'horizon' of the plastic point PLAXIS output has been used to confirm the presence of yielding. Plots of relative shear stress (τ rel ) have also been used to confirm plasticity. The relative shear stress gives an indication of the proximity of the stress point to the failure envelope.
The modular ratio has little or no influence on n CREEP for the 5m unit cell (Fig. 15a) . Load application results in a complete yielding of the column material for all column spacings (i.e.
all A/A c values) and all modular ratios, e.g. Figure 16 (z = final yield depth). However, for the 10m unit cell (Fig. 15b) , yielding of the column material at depth does not occur for the closest spacing considered in this study (i.e. A/A c = 3, e.g. Figure 17 ), while for the 15m unit cell (Fig. 15c) , the load does not result in a complete yielding of the column material for 3 < A/A c < 5, e.g. Figure 18 . The absence of yielding is clearly evident from the perceptible (albeit minor) divergence in the plots of n CREEP in Figures 15b and 15c. 
Conclusions
Finite element unit cell analyses using elasto-plastic (SS and HS) and elasto-visco-plastic (SSC) soil models have been carried out to establish the variation of improvement factor with 20 time and to identify separate improvement factors for the primary and creep components of settlement in soft soils. The research outcomes may be summarised as follows:
 For all three soil models, n values peak at the EOP time corresponding to untreated ground, after which a 'steady-state' n value is reached for the inviscid models. The n value for the SSC model reduces marginally after EOP in this study.
 'Primary' settlement improvement factors predicted by the FE analyses using the elasto- 
